Weakly nonlinear propagation of plane progressive wave in liquids uniformly containing microbubbles is numerically studied. The computation is executed by solving two types of nonlinear wave equations [Kanagawa et al., J. Fluid Sci. Technol., 5 (2010) 351] via a finite difference method. The dissipation and dispersion effects appear in the process of nonlinear wave propagation with generation of higher-harmonics components; the former transforms the kinetic energy in higher-order harmonics to the thermal energy, and the latter causes the separation of each wavenumber component with its own phase velocity.
Introduction
Waves in bubbly liquids illustrate drastically complex phenomena compared with those in single phase fluids as a result of the appearance of dispersion, dissipation, and other cooperating effects (e.g., see Ref. [1] ). We recently derived two types of nonlinear wave equations for weakly nonlinear propagation of plane progressive wave in liquids uniformly containing gas bubbles, i.e., the Korteweg-de Vries-Burgers (KdVB) equation for a low-frequency long-wave and the nonlinear Schrödinger (NLS) equation with dissipation effect for an envelope of high-frequency a carrier wave [2] .
Although our previous paper [2] have depicted some analytical solutions (see, the soliton solution in Fig. 3 of Ref. [2] and envelope soliton solution in Fig. 5 of Ref. [2] ), a numerical solution has not been investigated. In this paper, we execute the computation on nonlinear wave equations [2] after providing a brief review of nonlinear wave equtions in bubbly liquids. Solving two wave equations elucidates the weakly nonlinear propagation properties such as a competetion of the dissipation and dispersion with the nonlinearity appearing in wave propagation processes.
Review of model equations for plane waves [2]
Weakly nonlinear propagation of plane progressive waves in an initially quiescent liquid uniformly containing many spherical gas bubbles is treated. For simplicity, the viscosity of gas, heat conduction, phase change across the bubble wall, and various forces exerted on the bubbles except for the virtual mass force, are disregarded. A set of governing equations for bubbly flows composed of the conservation laws of mass and momentum for gas and liquid phases in a two-fluid model [3] is employed:
where α is the void fraction, ρ * density, u * fluid velocity, and p * pressure; the subscripts G and L denote volume-averaged variables in gas and liquid phases, respectively; the superscript * denotes dimensional quantity; in addition to the volume-averaged pressures p * G and p * L , the liquid pressure averaged on the bubble wall, P * , is introduced [3] . The model of virtual mass force is used for the interfacial momentum transport F * proposed by Yano et al. [4] , as
where the coefficients β i (i = 1, 2, 3) may be set as 1/2 for a spherical bubble, and the operators D G /Dt * and D L /Dt * are the Lagrange derivatives with respect to gas-and liquid-phases, respectively. Keller's equation for oscillations of a spherical bubble in a compressible liquid is also given by
where R * is the representative bubble radius andṘ * ≡ D G R * /Dt. Note that all the quantities in the initial unperturbed state signified by the subscript 0 are constants. Furthermore, the polytropic equation of state for gas, Tait equation of state for liquid, conservation law of mass inside the bubble, and balance of normal stress at the bubble wall (see, explicit forms in Ref. [2] ) are employed. The essence to derive KdVB and NLS equation from the basic set (1) is the introduction of a set of scaling relations in terms of the dimensionless wave amplitude, ( 1), appropriate to the low-frequency and long-wavelength band and the high-frequency and short-wavelength band [2] ,
respectively. Here, a typical phase velocity of the wave U * and a typical wavelength L * are related by U * ≡ L * /T * , where T * is a typical period of the wave; ω * is a typical frequency of the wave; ω * B is the natural angular frequency of spherical symmetric oscillations of bubble; and V, Ω, and ∆ are constants of O (1) . After introducing the nondimensionalized independent variables as t = t * /T * and x = x * /L * , all the dependent variales are expanded in a power with respect to [2] . The compressibility of liquid is considered as,
Hence, the nondimensional variation of ρ * L is small compared with that of other dependent variables (ρ * G , R * , u * G , etc.), as incorporating in eq. (2a) with the uniqueness [2] . Substituting eq. (2) into eq. (1) yields KdVB and NLS equations via some manipulations: (i) KdVB equation for the low-frequency long-wave case,
(ii) NLS equation for the high-frequency short-wave case,
Here, f and A are the first-order variations of the nondimensional bubble radius (A denotes complex amplitude of the envelope of the carrier wave); q = dv g /dk = d 2 Ω/dk 2 , where v g is the group velocity, and Ω and k are the normalized frequency and wavenumber, respectively. The subscripts i (= 0, 1, 2, 3) of coefficients Π and ν represent the advection, nonlinearity, dissipation, and dispersion, respectively; they include various parameters (e.g., the initial void fraction α 0 , bubble radius R * 0 , etc.) whose explicit forms have been shown in Ref. [2] .
Computation of waveforms
Equations (3) and (4) govern the nonlinear propagation of waves with dissipation and dispersion, in two types of far fields of bubbly liquids concerned. Then, we numerically solve eqs. (3) and (4) via a finite difference method and depict waveforms. Figures 1 and 2 illustrate the temporal evolution of spatial waveforms of the KdVB and NLS equations, respectively. Values in each coefficient of are arbitrary chosen (see captions in Figs. 1 and 2 ) to observe the balance of nonlinear, dissipation, and dispersion effects. Initial condition of KdVB equation is the rectangular burst waveform [ Fig. 1 (a) ]. Noting that the complex amplitude A is decomposed as A = ge ih , where g and h are the real amplitude and real phase, respectively, and these initial conditions are given by g = 1 + exp (−ξ 2 ) and h = 0 Qualitatively speaking, the waves described by KdVB equation is weakly dispersive compared with those by NLS equation [2] and, in fact, this is confirmed in Figs. 1-3 . On the other hand, for the case of KdVB equation (Fig. 1) , the size of dissipation effect relatively large compared with that for the case of NLS equation.
Conclusion
We executed the computation of KdVB and NLS equations, and depicted that the dissipation effect decreases wave amplitude and dispersion effect decomposes wavenumber component. Although each coefficient in eqs. (3) and (4) was arbitrary chosen in this paper, all the nondimensional coefficients should be determined by substituting dimensional quantitiy (e.g., R * 0 , ω * B , etc.) into these forms. A future article will tackle another computation based on above strategy. 
